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Abstract

This research analyzes implements derivative trading strategies when there
are several assets and risk factors. We investigate portfolio improvements if
investors have full and partial access to the derivatives markets, i.e. situa-
tions in which options are written on some but not all stocks traded in the
market. The focus is on markets with jump risk. In these markets the choice
of optimal exposure with respect to jump and diffusion risk is linked. In a
numerical aplication we study the potential benefit from adding derivatives to
the market. These considerations might be taken into account by exchanges
planning to introduce new derivative contracts.
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1 Introduction

Optimal portfolio choice certainly belongs to one of the most extensively studied
problems in finance. Merton (1969, 1971, 1973) considers continuous time economies
in which individuals dynamically adjust portfolio positions in order to maximize ex-
pected utility. More recent contributions addressing inter-temporal asset allocation
include e.g. Cox and Huang (1989), Campbell (1993), Campbell and Viceira (1999),
Daglesh (2002), Liu et al. (2003), Wu (2003), Munk and Sorensen (2004), Rudolf
and Ziemba (2004), Chacko and Viceira (2005), Liu (2005).

Although portfolio selection is of major concern for many portfolio mangers it has
taken a long time until there were attempts to include derivatives into the dynamic
portfolio optimization1. This might partially be explained by the fact that initially,
derivatives were seen as “redundant” securities which can be replicated by imple-
menting a dynamic trading strategy in stocks and bonds. There are a number of
derivatives pricing models including the celebrated Black/Scholes model supporting
this view. In the recent literature additional risk factors such as stochastic volatil-
ity or jumps are taken into account. In these models, markets are incomplete and
derivatives are no longer replicable by stocks and bonds alone. Instead they provide
further information on risk premia and alow to speculate on new risk factors. This
idea has first been addressed in a realistic model for a realistic set of derivatives
by Liu and Pan (2003) and Branger et al. (2005) who develop models for a single
stock economy and analyze implications of derivatives on portfolio management in
the presence of stochastic jumps and volatility. Further examples for research in this
direction include the papers of Bakshi and Madan (2000), Haugh and Lo (2001),
and Carr et al. (2001).

Despite the existing work cited above, the analysis of derivatives in the context
of portfolio selection is certainly at its very beginning. One immediate problem that
needs to be investigated is the inclusion of several assets and derivatives. A manager
responsible for the management of an investment fund is concerned about choosing
optimal portfolio weights not of just one stock, one bond, and derivatives. Instead
there are several investment opportunities (stocks, bonds, derivatives) which must
be included in portfolio allocation. For instance, different stock markets may be
driven by different risk factors: In January 2008, global stock markets were affected

1In static settings, the inclusion of derivatives has been analyzed e.g. by Ross (1976), Breeden
and Litzenberger (1978), Arditti and John (1980), Green and Jarrow (1987).
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differently by the sub prime crises. Within 2 trading days the Eurostoxx 50 (Eu-
rope) and the Nikkei 225 (Japan) lost 6.1% and 9.3% respectively while the S&P
500 (USA) decreased by 1.1% only2. Furthermore, exchanges continuously try to de-
velop new indices which address new risk factors. The German Exchange Deutsche
Börse introduced e.g. the German Entrepreneurial Index GEX which is supposed
to measure the market performance of companies led by entrepreneurs. One impor-
tant purpose of these indices is to become underlyings of derivative securities which
are traded on futures and options exchanges or which are issued as warrants by
banks. Unfortunately, there are no considerations in the literature so far analyzing
the potential need for derivatives on many different underlyings. The work of Liu
and Pan (2003) and Branger et al. (2005) is limited in the sense that it only shows
that derivatives can improve portfolio choice if they complete the market. However,
they only distinguish between a market which is either complete or on which no
derivatives are traded at all. They do not investigate the question of portfolio im-
provement as the market is gradually completed with derivatives on new underlyings.

The purpose of this paper is to set up a general model for portfolio selection
when several stocks and derivatives are traded. We develop the notion of full and
partial access to the derivatives market. In a situation of partial access the market
is still incomplete due to a limited number of stocks which serve as underlyings for
derivative securities. For both full and partial access to the derivatives market we de-
termine asset allocation as the solution to a system of ordinary differential equations.
We investigate the improvement of portfolio choice as additional derivatives become
available for trade. The paper is structured as follows. Section 2 establishes a model
for the case of full access to the derivatives market. Section 3 address the question
of partial access in the presence of jumps. A numerical applications is discussed in
section 4. Finally, section 5 concludes.

2 Full Access to the Derivatives Market

In the economy a finite number I of stocks are traded at prices S ∈ RI . The market
is frictionless, i.e. there are no transaction costs, short selling is allowed, and stocks
are perfectly divisible. Investors can both borrow and lend money at the risk-free
interest rate R. Additionally, stochastic state variables X on RL are observed. More

2On Monday January 21, 2008, the markets in the US were closed due to a bank holiday.
Compared to Friday January 18, 2008, Eurostoxx 50 and Nikkei 225 decreased by 7.3% and 3.9 %
respectively
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precisely, under the date generating measure P the market can be described by the
following stochastic processes

dSi = Si

{
R +

J∑
j=1

ai,jVjηj +
K∑
k=1

µi,k
[
νPhPk − νQhQk

]}
dt

+ Si

J∑
j=1

ai,j
√
VjdW

P
j + Si

K∑
k=1

µi,k
(
dNk − νPhPk dt

)
,

dXl = mP
l dt+

J+L∑
j=1

bl,j
√
VjdW

P
j +

K∑
k=1

µI+l,kdNk

Vj = βj + βj ·X

νP = λ
P

+ λP · V

νQ = λ
Q

+ λQ · V
R = ρ+ ρ ·X

mP
l = εPl + εPl ·X,

(1)

where V ∈ RJ+L, νP , νQ ∈ R, and mP ∈ RL. As usual V has the interpretation
of a vector of stochastic factor variances. Furthermore, a ∈ RI×J , b ∈ RL×(J+L),
β ∈ R(J+L)×L, ρ ∈ RL, εP ∈ RL×L, λP , λQ ∈ RJ+L, hP , hQ ∈ RK , η ∈ RJ+L,

β ∈ RJ+L, εP ∈ RL, µ ∈ R(I+L)×K as well as ρ, λ
P
, λ

Q ∈ R are deterministic,
probably time dependent. Stochastic shocks are introduced by WP which is a mul-
tidimensional standard Wiener process on RJ+L and the multivariate point process
N on RK . For some quantities the superscript P is introduced. This is to indicate
that they might change when switching to a risk-neutral probability measure Q yet
to be defined. The point process Nk jumps with intensity νPhk, i.e. the probability
of a jump over a small time interval ∆t is approximately νPhk∆t. If we require that∑K

k=1 hk = 1 then hk is the probability that point process Nk jumps conditional on a
jump occurring. Thus, intuitively νP∆t is approximately the probability that one of
the point processes jumps during a short time interval ∆t. Furthermore, νQ and hQ

correspond to νP and hP under the risk neutral measure Q. They will be discussed
in greater detail below.

The stock prices are sensitive to the first J diffusion factors. Furthermore, we
observe L state variables which are exposed to the additional risk factors. The state
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variables can e.g. be used to characterize the factor variance parameters Vj, j ∈
{1, ..., J + L}, or the level of the short term interest rate R which is applicable for
borrowing and lending over the next time interval dt. Note that both R and Vj are
linear functions in the state variables. The model nests several models with stochas-
tic volatility and jumps as special cases like e.g. those of Merton (1976), Heston
(1993), or Bakshi et al. (1997).

To ensure that the model (1) is well defined, we must prevent the stochastic factor
variances Vj to become negative. This condition puts some serious constraint on the
model. A detailed discussion about possible model specifications is e.g. provided
by Duffie and Kan (1996) who derive conditions to deal with the problem in pure
diffusion settings. Throughout this paper we have to make the following assumption.

Assumption 1. The model is always properly defined such that the factor variances
Vj are always positive.

Examples for such models are presented in section 4. The market is per se in-
complete with respect to the jump factors N as well as to the diffusion factors
WP
J+1, ...,W

P
J+L. In such a situation the introduction of derivative securities might

complete the market. Consider for instance the case of the Heston model discussed
above. The stock price is sensitive to the first Wiener process W1 but provides no
exposure to WP

2 . Only the variance V1 = V2 = X1 are linked to WP
2 . Since the price

of a derivative security depends on the observed variance trading in such a contract
enables the investor to generate arbitrary exposures to both diffusion factors. The
market is complete and as a consequence any additional claim can now be replicated
by trading in the stock, the bond, and the first derivative security. This example
illustrates the reason for considering derivative securities in portfolio strategies in an
incomplete market setting. In contrast to models which assume complete markets
derivatives are no longer “redundant” securities which can be replicated by dynamic
trading strategies in stocks and bonds only. Instead they provide the investor with
the possibility to optimally chose exposures to all risk factors.

In incomplete markets the prices of derivatives are not unique. They depend on
the pricing of diffusion and jump risk factors. In order to derive derivatives’ prices
and their stochastic processes we must specify the pricing kernel of the economy
exogenously.
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Assumption 2. The pricing kernel π of the economy follows the stochastic process

dπ

π
= −Rdt−

J+L∑
j=1

√
VjηjdW

P
j +

K∑
k=1

(φk − 1)
(
dNk − νPhPk dt

)
. (2)

The specification of the pricing kernel is equivalent to selecting one of the in-
finitely many possible risk neutral measures under which each security is expected
to earn the risk-free rate R over the time interval dt. The vector φ ∈ RK char-
acterizes the market price of jump risk. Under the new risk neutral measure Q
the intensity parameters as well as the drift parameters for the state price process
must be adjusted3. More precisely the risk neutral intensity νQ can be calculated

as νQ = νPhP · φ. Thus, we can define λQj = λPj h
P · φ and λ

Q
= λ

P
hP · φ to set

νQ = λ
Q

+ λQ · V . The risk neutral conditional probability hQk that Nk jumps given

that a jump occurs follows then as hQk =
νPhPk φk

νPhP ·φ =
hPk φk

hP ·φ .

In the next step, we introduce the derivatives market. More precisely, we have to
make an assumption concerning the properties of the derivative contracts traded. As
discussed above, the existence of derivatives is connected to the question of market
completeness.

Assumption 3. There are exactly U = L+K derivatives available for trade which
complete the market.

Note that after the introduction of the derivative securities any further financial
contract that is introduced to the market becomes redundant and can be replicated
by investing in stocks, bonds, and derivatives. There is a direct link between as-
sumptions 2 and 3: If we observe the prices of the L +K derivatives in a complete
market we can immediately infer the market prices of risk and the pricing kernel. On
the other hand if we know the pricing kernel we can directly price derivatives and
derive their stochastic processes. Finally, we introduce different notions of access to
the derivatives market.

Definition 1. Investors are said to have full access to the derivatives market if
assumption 3 is fulfilled and their are no restrictions to buying and selling derivative
securities.

3See e.g. Björk et al. (1997), Theorem 3.12 for further details.
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We consider an investor with an initial positive wealth Π(0) and full access to
the derivatives market. At each time t the investor chooses to invest a fraction of
ωi(t) into the ith stock and ψu(t) into the uth derivative, ω ∈ RI , ψ ∈ RU . The
investor has planning horizon T . It is the objective to maximize expected utility of
the terminal wealth at time T

max
ω(t),ψ(t),0≤t≤T

E
[
Π(T )1−γ

1− γ

]
. (3)

The coefficient γ > 0 is the coefficient of the investor’s relative risk aversion. This is
a variation of a dynamic portfolio planning problem which was originally analyzed
by Merton (1971).

Lemma 1. Let Ou(t) be the price of the uth derivative available for trade. Imposing
self-financing condition the stochastic process for the wealth is given by

dΠ

Π
= Rdt+

J+L∑
j=1

θ
(W )
j

(√
VjdW

P
j + ηjVjdt

)
+

K∑
k=1

θ
(N)
k dZk, (4)

where

θ
(W )
j =


∑U

u=1 ψu
1
Ou

(∑I
i=1

∂Ou

∂Si
ai,jSi +

∑L
l=1

∂Ou

∂Xl
bl,j

)
+
∑I

i=1 ωiai,j, if j ∈ {1, ..., I}∑U
u=1 ψu

1
Ou

∑L
l=1

∂Ou

∂Xl
bl,j, if j ∈ {J + 1, ..., J + L}

θ
(N)
k =

∑I
i=1 ωiµi,k +

∑U
u=1 ψu

1
Ou

∆kOu.

Furthermore, dZk is defined as dZk = dNk − νPhPk dt +
(
νPhPk − νQhQk

)
dt and

∆kOu = Ou(S1(1 + µ1,k), ..., XL(1 + µI+L,k))−Ou(S1, ..., XL).

Proof: See Appendix.

Intuitively, the θ(·) can be seen as the total portfolio exposures to particular risk
factors. If investors have full access to the derivatives market then their is a one to
one relationship between the portfolio weights ω and ψ on the one hand and θ(W )

as well as θ(N) on the other. To put it differently, if we know the portfolio weights
we can of course compute the associated factor exposures. Turning the argument
around, if we are targeting a particular factor exposure then we can solve for the
corresponding portfolio weights. This is a particularly useful result because then we
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can optimize the factor exposures and calculate the optimal portfolio weights by
determining (5) θ(W ) and θ(N) instead of ω and ψ.

Considering factor exposures (4) implies a constraint on portfolio choice. Note

that wealth may become negative if there is a k such that θ
(N)
k < −1. This is a

particular problem faced by investors in the context of jump-diffusion models. In
contrast to pure diffusion models in which investors can adjust portfolios quickly
enough to avoid ruin, negative wealth is possible if jumps are large enough. If one
of the jump factor exposures is smaller than −1 the investor faces the risk of losing
more than his or her total wealth instantaneously without having the possibility
to react quickly enough by shifting portfolio weights. Therefore, we introduce the
following definition.

Definition 2. A portfolio strategy is admissible if ∀k : θ
(N)
k > −1.

Having stated the definition for admissible portfolio strategies for ease of expo-
sition we make the following assumption.

Assumption 4. The optimal portfolio strategy is admissible.

This assumption ensures that the investor does not face the risk that wealth
may jump negative. It is necessary in order to enable an unconstraint optimiza-
tion of the factor risk exposures in the following. This facilitates our analysis. We
will return to this assumption shortly and show that it always holds in the optimum.

In order to solve the portfolio choice problem we proceed according to Merton
(1971). We define the indirect utility function as

J (t,Π, X) = max
θ(·)

E
(

Π1−γ(T )

1− γ
|Π = Π(t), X = X(t)

)
. (5)

As described earlier we maximize over the factor exposures. The corresponding port-
folio weights follow immediately from Lemma 1: A system of linear equations must
be solved such that we “extract” the portfolio weights from the risk factor exposures.

The solution to the optimization problem is summarized in the following proposi-
tion. It is obtained by conjecturing a functional form for the indirect utility function.
The applicability of this function can be proofed by showing that it fulfils the rele-
vant Hamilton/Jacobi/Bellman equation.
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Proposition 1. Let the stock price process and the pricing kernel be given by (1)
and (2) respectively. Then the indirect utility function is given by

J (t,Π, X) =
Π1−γ

1− γ
eγH(t)+γH(t)·X , (6)

where the functions H(t) and Hz(t), z ∈ {1, ..., L} fulfil the following system of
ordinary differential equations

∂H

∂t
= −1

2
HTΨ0H − Γ0 ·H + ζ0

∂Hz

∂t
= −1

2
HTΨzH − Γz ·H + ζz

(7)

subject to the boundary conditions H(T ) = Hz(T ) = 0 with

ζ0 = −1− γ

γ

[
ρ+

1

2

J+L∑
j=1

η2
j

γ
βj

]

+
1− γ

γ

(
λ
Q

+
J∑
j=1

λQj βj

)
K∑
k=1

[(
1

φk

) 1
γ

e
PL

u=1HuµI+u,k − 1

]
hQk

−

(
λ
P

+
∑J

j=1 λ
P
j βj

)
γ

K∑
k=1

[(
1

φk

) 1
γ

φke
PL

u=1HuµI+u,k − 1

]
hPk
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ζz = −1− γ

γ

[
ρz +

1

2

J+L∑
j=1

η2
j

γ
βj,z

]

+
1− γ

γ

K∑
k=1

[(
1

φk

) 1
γ

e
PL

u=1HuµI+u,k − 1

]
J+L∑
j=1

λQj βj,zh
Q
k

− 1

γ

K∑
k=1

[(
1

φk

) 1
γ

φke
PL

u=1HuµI+u,k − 1

]
J+L∑
j=1

λPj βj,zh
P
k

(Γ0)l = εPl +
1− γ

γ

J+L∑
j=1

ηjbl,jβj

(Γz)l = εPl,z +
1− γ

γ

J+L∑
j=1

ηjbl,jβj,z

(Ψ0)i,j =
J+L∑
k=1

βkbi,kbj,k

(Ψz)i,j =
J+L∑
k=1

βk,zbi,kbj,k

Note that Ψ0,Ψz ∈ RL×L, Γ0,Γz ∈ RL, and ζ0, ζz ∈ R.

The optimal factor exposures are

θ
(W )∗
j =

ηj
γ

+
L∑
l=1

Hlbl,j

θ
(N)∗
k =

(
1

φk

) 1
γ

e
PL

u=1HuµJ+u,k − 1

(8)

Proof: See Appendix.

The system of ordinary differential equations (7) is of the Ricatti type and as
such solvable. For some special cases solutions are available in closed-form. Others
can be solved efficiently by applying numerical techniques such as a Runge-Kutta
method. The trading strategies implied are always admissible if ∀k : φk > 0 which
must be the case because otherwise jump-intensities for some jump processes may
become negative under the risk neutral measure. Assumption 4 is fulfilled and the
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trading strategies identified are indeed admissible. The single stock models of Liu
and Pan (2003) and Branger et al. (2005) can be seen as special cases of our model.
Thus their solutions nest in proposition 1.

Equation (8) contains the optimal factor exposures. Optimal portfolio weights
are linked to these optimal factor exposures through lemma 1 and depend on the
characteristics of the particular derivative securities which complete the market.
As stated above, once optimal factor exposures and exact contract specifications of
the derivatives are known the determination of optimal portfolio weights is rather
straightforward and can be carried out by solving a set of linear equations.

3 Partial Access to the Derivatives Market

In real world markets only a limited number of derivative securities is available. In
this case investors might only select their ideal exposures to some but not all risk
factors due to the fact that the market is still incomplete. We adopt the notion of
partial access to the derivatives’ market which is made precise in the next definition.

Definition 3. Investors are said to have partial access to the derivatives market if
assumption 3 does not hold, i.e. after the introduction of derivatives the market is
still incomplete.

In the situation of partial access the market may be incomplete with respect to
an extra diffusion and/or jump factor.

In the following, we restrict ourselves to the analysis of a jump diffusion model
for stock prices without any further state variables which could introduce stochastic
volatilities, interest rates and the like. This is only for ease of exposition and in
order to keep results as simple as possible. Further stochastic variables could be
introduced without major difficulties.

Without loss of generality we set Vj = 1, λ
(·)
j = 0, ∀j ∈ {1, ..., J}. The stochastic
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process for the stock prices (1) reduces to

dSi = Si

{
R +

J∑
j=1

ai,jηj +
K∑
k=1

µi,k

[
λ
P
hPk − λ

Q
hQk

]}
dt

+ Si

J∑
j=1

ai,jdW
P
j + Si

K∑
k=1

µi,k

(
dNk − λ

P
hPk dt

)
.

(9)

We assume that investors have only partial access to the derivatives market i.e.
the market is complete only with respect to the jump factors k ∈ K ⊂ {1, ..., K}. Liu
et al. (2003) analyze the case of a single stock market with jump risk. In their model
the investor is faced with the investment problem of maximizing the joint exposure to
diffusion and jump risk. If derivatives are introduced they can be used to disentangle
these types of risk factors from each other. In a market with full access the jump
and diffusion risks can be disentangled completely, i.e. each factor exposure to jump
and diffusion risk can be selected optimally according to the risk preferences. The
picture changes in the case of partial access to the derivatives market. This is made
precise in the following assumption replacing assumption 3 in this paragraph

Assumption 5. There is partial access to the derivatives markets. Only the factor
exposures to jump and diffusion risk θ

(N)
k , k ∈ K and θ

(W )
j , j ∈ M ⊂ {1, ..., J} can be

chosen independently of each other.

The jump and diffusion risk factor exposures which cannot be chosen freely are
linked directly to each other, i.e. a choice in the risk factor exposures implies a
certain choice in the remaining diffusion risk exposures and vice versa. As such the
diffusion risk factor exposures which cannot be freely chosen become functions of
the jump risk exposures.

In order to solve the portfolio optimization problem we consider again the func-
tional form of the indirect utility function defined in (5). In the situation discussed
here the investor maximizes over all jump factor exposures and the free diffusion
factor exposures, i.e.

J (t,Π) = max
θ
(N)
k ,θ

(W )
j ,j∈M

E
(

Π1−γ(T )

1− γ
|Π = Π(t)

)
(10)

subject to the constraint that the trading strategy is admissible.
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Proposition 2. If there is only partial access to the derivatives market, assumption
5 holds and there are no additional state variables other than the stock prices, and
Vj = 1, λ

(·)
j = 0, ∀j ∈ {1, ..., J} then the indirect utility function is given by

J (t,Π) =
Π1−γ

1− γ
eγH(t), (11)

with

∂H(t)

∂t
= −1− γ

γ

[
R +

J∑
j=1

θ
(W )∗
j ηj − λ

Q
K∑
k=1

θ
(N)∗
k hQk

]

+
1

2
(1− γ)

(
θ

(W )∗
k

)
− λ

P
K∑
k=1

(
1 + θ

(N)∗
k − 1

)
γ

hPk

(12)

the optimal factor exposures for all j ∈ M and for all k ∈ K are given by

θ
(W )∗
j =

ηj
γ

θ
(N)∗
k =

(
1

φk

) 1
γ

− 1

(13)

The exposures for the other jump factors are chosen such that it holds

λ
P
hPk

(
1 + θ

(N)∗
k

)−γ
=
∑
j /∈M

∂θ
(W )∗
j

∂θ
(N)∗
k

(
θ

(W )∗
j γ − ηj

)
+ λ

Q
hQk (14)

for all k /∈ K, where
∑

j /∈M is the sum over all j not in M subject to the constraint

that the trading strategy is admissible. The exposures θ
(W )
j , j /∈ M follow as functions

of the jump risk exposures.

Proof. See Appendix.

If all model parameters are constant the solution to the ordinary differential
equations (12) is straightforward and H(t) can be determined in closed-form once
the optimal risk factor exposures are known. An example is shown below. Note that
H(t) is state independent. This is due to the fact that we have excluded any further
state variables from the analysis. Liu et al. (2003) analyze a single stock situation
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with jumps and stochastic volatility. In their model the jump intensity is a linear
function of the stochastic variance which leads to state dependency of the optimal
portfolio weights. For ease of exposition related issues were not taken into account
here. However, they can be incorporated into the model without major difficulties.
Proposition 2 extends the work of Liu et al. (2003) in the sense that if there is no
access to the derivatives market optimal portfolio weights for the several asset case
can be determined4. Their original model considers just one asset which is available
for trade.

4 Numerical Application

In this section we present applications and comparative statics analysis for the model
described in the previous sections. In our example we investigate a situation in which
two stocks are traded. These stocks could represent different stock markets, a general
and a (new) specialized stock portfolio on which derivatives are to be introduced,
different industries, etc. In a broader sense they could also be seen as different as-
set classes or investment opportunities like equity, commodities, or foreign exchange.

In order to measure portfolio improvement we have to select a performance mea-
sure. We follow Liu and Pan (2003) and define improvement in terms of the annual-
ized, continuously compounded return in certainty equivalent wealth. The certainty
equivalent wealth is set as

ΠCEW = Π(0)e
γ

1−γ (H+H·X) (15)

A situation with full market access is given if there are derivatives for trade on
both stocks. We may have partial access to the derivatives market if there are only
derivatives on one stock. Finally, there is no access to the derivatives market if there
are no derivatives traded. In this sense three different certainty equivalent wealths
can be determined including certainty equivalent wealth with full ΠCEW

full , partial
ΠCEW

partial, and no access ΠCEW
no . Therefore, we have two improvement measures, one

for full access to the derivatives market and one for partial access. They are given

4E.g. their example “A. Constant Volatility and Deterministic Jump Size” can be seen as special
case of Proposition 2 when there is one asset and no derivative traded.

13



by

Rfull =
ln ΠCEW

full − ln ΠCEW
no

τ

Rpartial =
ln ΠCEW

partial − ln ΠCEW
no

τ
,

(16)

where τ = T − t. To characterize the contribution through the introduction of each
derivative we set

Derivative1 = Rpartial

Derivative2 = Rfull −Rpartial

(17)

Derivative1 is identical with Rpartial because the total improvement is due to the
first derivative introduced in the case of partial access. Derivative2 measures the
extra-improvement by introducing a second derivative. It is given by the difference
of Rpartial and Rfull.

For simplicity we assume that interest rates and instantaneous factor variances
are constant, i.e. there are no state variables other than stock prices. Jump ampli-
tudes are fixed at µ1 and µ2 for stock prices S1 and S2 respectively. Furthermore,
jump intensities under the empirical and the risk neutral measure are constant. In
total, there are two jump processes driving stock price movements (K = 2). More
precisely, market dynamics can be described by the following stochastic stock price
processes

dS1 = S1

{
r + a1,1η1 + (λ

P
hP1 − λ

Q
hQ1 )µ1

}
dt+ S1a1,1dW

P
1

+ S1µ1

(
dN1 − λ

P
hP1 dt

)
dS2 = S2

{
r + a2,1η1 + a2,2η2 + (λ

P − λ
Q
)µ2

}
dt+ S2a2,1dW

P
1

+ S2a2,2dW
P
2 + S2µ2

[(
dN1 − λ

P
hP1 dt

)
+
(
dN2 − λ

P
hP2 dt

)]
.

(18)

This means that the conditional probability that a jump is a common jump of both
stocks is h

(P)
1 (empirical measure) or h

(Q)
1 (risk neutral measure). If there are two

derivatives – one on stock 1 and one on stock 2 – then the market is complete and
all factor exposures can be chosen independently of each other. For instance, let
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O1 and O2 be the prices of call options written on stock 1 and 2 respectively5. Per
Lemma 1, factor exposures are

θ
(W )
1 = ψ1

1

O1

∂O1

∂S1

+ ω1a1,1 + ψ2
1

O2

∂O2

∂S2

a2,1S2 + ω2a2,1

θ
(W )
2 = ψ2

1

O2

∂O2

∂S2

a2,2S2 + ω2a2,2

θ
(N)
1 = ψ1

1

O1

∆O1 + ω1µ1 + ψ2
1

O2

∆O2 + ω2µ2

θ
(N)
2 = ψ2

1

O2

∆O2 + ω2µ2,

(19)

with ∆O1 = ∆1O1 and ∆O2 = ∆1O2 = ∆2O2. Now, we can optimize θ
(W )
1 , θ

(W )
2 , θ

(N)
1 , θ

(N)
2

and adjust parameters ω1, ω2, ψ1, ψ2 such that the portfolio exhibits these factors
weights.

If there are no derivatives on stock 2 then the situation changes. This time factor
exposures of the portfolio are

θ
(W )
1 = ψ1

1

O1

∂O1

∂S1

+ ω1a1,1 + ω2a2,1

θ
(W )
2 = ω2a2,2

θ
(N)
1 = ψ1

1

O1

∆O1 + ω1µ1 + ω2µ2

θ
(N)
2 = ω2µ2.

(20)

That means that by fixing ω2 we select both θ
(W )
2 and θ

(N)
2 . Put it the other way

around if we pick ω2 in order to match the diffusion factor exposure θ
(W )
2 then at

the same time we make a choice for θ
(N)
2 . In other words, jump and diffusion factors

are no longer disentangled. Instead, θ
(W )
2 becomes a function of θ

(N)
2 (or the opposite

way). Nevertheless, due the derivative on stock 1 we still can select θ
(W )
1 and θ

(N)
1

independently of each other.

5It is not essential that the derivatives considered are call options. In fact, they could be arbitrary
contracts with ∂O1

∂S1
6= 0, ∂O2

∂S2
6= 0, ∆1O1 6= 0 , ∆1O2 = ∆2O2 6= 0, and ∂O1

∂S2
= ∂O2

∂S1
= ∆2O1 = 0.

15



Finally, if there is no access to the derivatives market, factor exposures become

θ
(W )
1 = ω1a1,1 + ω2a2,1

θ
(W )
2 = ω2a2,2

θ
(N)
1 = ω1µ1 + ω2µ2

θ
(N)
2 = ω2µ2.

(21)

Again θ
(W )
2 and θ

(N)
2 are directly related to each other through ω2. The same is true

for θ
(W )
1 and θ

(N)
1 which are both influenced by ω1. Furthermore, ω2 also affects the

factor exposures θ
(W )
1 and θ

(N)
1 turning portfolio choice into an even more compli-

cated matter. Overall, we have four equations and two free parameters. Hence, two
factor exposures can arbitrary be chosen while the other two follow endogenously.

Corollary 1 treats the determination of the indirect utility function for the cases
of full, partial, and no access to the derivatives market by applying Propositions 1
and 2. It takes into account the implications for the factor exposures which follow

from (19), (20), and (21). Recall that it holds φk =
hQk λ

Q

hPk λ
P .

Corollary 1. The indirect utility function is given by

J (Π, V1, V2) =
Π1−γ

1− γ
eγH(τ), (22)

with

H(τ) =
1− γ

γ
τ

[
R +

J∑
j=1

θ
(W )∗
j ηj − λ

Q
K∑
k=1

θ
(N)∗
k hQk

]

− 1

2
(1− γ)τ

(
θ

(W )∗
k

)
+ τλ

P
K∑
k=1

(
1 + θ

(N)∗
k

)
− 1

γ
hPk

θ
(W )∗
j =

ηj
γ

θ
(N)∗
k =

(
1

φk

) 1
γ

− 1.

(23)
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If there are no options on the second stock then equations (22) and (23) apply with

θ
(W )∗
2 =

a2,2

µ2

θ
(N)∗
2 (24)

and θ
(N)∗
2 satisfies

λ
P
hP2

(
1 + θ

(N)∗
2

)−γ
=
a2,2

µ2

[
θ

(W )∗
2 γ − η2

]
+ λ

Q
hQ2 . (25)

If there is no access to derivatives (22) and (23) hold with

θ
(W )∗
1 =

a1,1

µ1

θ
(N)∗
1 +

(
a2,1

µ2

− a1,1

µ1

)
θ

(N)∗
2

θ
(W )∗
2 =

a2,2

µ2

θ
(N)∗
2

(26)

and θ
(N)∗
1 and θ

(N)∗
2 satisfy

λ
P
hP1

(
1 + θ

(N)∗
1

)−γ
=
a1,1

µ1

[
θ

(W )∗
1 γ − η1

]
+ λ

Q
hQ1

λ
P
hP2

(
1 + θ

(N)∗
2

)−γ
=

(
a2,1

µ2

− a1,1

µ1

)[
θ

(W )∗
1 γ − η1

]
+
a2,2

µ2

[
θ

(W )∗
2 γ − η2

]
+ λ

Q
hQ2 .

(27)

For the model discussed in this section analytical pricing formulas for plain
vanilla call and put options are well known and given in the appendix. We con-
sider the following parameter specification. First, we assume that the correlation
between stock prices as well as both stock price volatilities excluding jump risk are
0.7 and 0.3 respectively. Thus, we select a1,1 = 0.3, a2,1 = 0.7 × 0.3 = 0.21 and
a2,2 =

√
1− 0.72 × 0.3 ≈ 0.21. The conditional probability of a common jump is

0.8 under both the empirical and the risk neutral measure, i.e. hP1 = hQ1 = 0.8. The
jump probabilities are λP = 0.1 and λQ = 0.5 which implies φ1 = φ2 = 5. Finally,
we set µ1 = µ2 = −0.2 and η1 = η2 = 0.3.

The results are summarized in figures 1 to 6. As indicated by figure 1 the rela-
tive importance of including an additional derivative on stock 2 depends to a large
degree on the conditional probability of a joint jump: The higher hP1 = hQ1 the less
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necessary the introduction of an additional derivative security becomes. For the base
case scenario Derivative1 is substantially larger than Derivative2. This relationship
holds regardless of the choice of the risk aversion coefficient γ as can be inferred from
figure 2. Furthermore, diffusion correlation is analyzed in figures 3 and 4 where we
distinguish two cases: In figure 3, we set the probability of a common jump accord-
ing to the base case scenario, i.e. hP1 = hQ1 = 0.8. In figure 4 this probability is 0.5.
Interestingly, the “break even” correlation for which Derivative1 > Derivative2 is
much larger in figure 4. Nevertheless, the shape of these improvement curves is the
same. This highlights the fact that both common jump probability and diffusion cor-
relation have important implications on potential portfolio improvements through
the introduction of derivatives. Finally, figures 5 and 6 show the relationships be-
tween Derivative1 and Derivative2 and the jump width µ2 as well as the diffusion
volatility of stock 2. Again, we find that the importance of additional derivatives
depends critically on the choice of these parameters.

5 Conclusion

In this paper we address portfolio choice with derivatives in a generalized framework.
We consider a model with several stocks and state variables which might be sub-
ject to stochastic jump and volatility risk. In the context of portfolio optimization
we end up with a system of ordinary differential equations which can be solved ei-
ther analytically or by standard numerical procedures. Furthermore, we distinguish
between full and partial access to the derivatives market in order to measure the
contribution of the introduction of individual derivative securities.

In the presence of jumps, exposures with respect to jump and diffusion factors
cannot be chosen independently. This has an impact on the necessity of introduc-
ing new derivatives. Our numerical application deals with the jump diffusion model
demonstrates that the importance of additional derivatives mainly depends on the
conditional probability of a common jump of stock prices. The larger this conditional
probability the less additional value is created by introducing new derivative securi-
ties. Other relevant parameters are diffusion correlation, jump widths, and diffusion
volatilities.

Our results might be especially relevant for futures and options exchanges con-
sidering the introduction of new contracts for trade. We analyze under which circum-
stances a new product might become successful in the sense that liquid trading is
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established. Our focus was on portfolio optimization within a continuous time model
in a frictionless market. Certainly, these requirements are not directly applicable to
most market participants. We argue that products should not be introduced if po-
tential portfolio improvement is small according to our model. Although this gives
us some intuition about how exchanges should analyze product innovations a more
explicit consideration of market frictions such as transaction costs would shed ad-
ditional light into the matter. Furthermore, in our model we make the simplifying
assumption that there are no limits on single portfolio positions. However, especially
the use of derivatives is highly regulated in reality leading to limits on the amount
to be spend on derivatives for many funds. Therefore, another extension would be to
take into account these limits on the position in derivatives more explicitly. Finally,
an interesting new research would also be an empirical applications of our results.
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6 Appendix

6.1 Proof of Lemma 1

Consider the price Ou of the uth derivative. According to the pricing kernel specified
in (2) it follows the stochastic process

dOu =[
ROu +

K∑
k=0

∆kOu

(
νPhPk − νQhQk

)]
dt

+
I∑
i=1

∂Ou

∂Si

J∑
j=1

Siai,j
√
Vj

(
dWP

j + ηj
√
Vjdt

)
+

L∑
l=1

∂Ou

∂Xl

J+L∑
j=1

bl,j
√
Vj

(
dWP

j + ηj
√
Vjdt

)
+

K∑
k=1

∆kOu

(
dNk − νPhPk dt

)
,

(28)

Re-arranging yields:

dOu

Ou

=

Rdt+
1

Ou

[
J∑
j=1

I∑
i=1

∂Ou

∂Si
Siai,j

(√
VjdW

P
j + ηjVjdt

)]

+
1

Ou

[
L∑
l=1

J+L∑
j=1

∂Ou

∂Xl

bl,j

(√
VjdW

P
j + ηjVjdt

)]

+
1

Ou

K∑
k=1

∆kOudZk.

(29)

In order to be self-financing no cash in- or outflows are allowed for the wealth
process. Given the stochastic processes for the option (29) and the stock prices (1)
and taking into account that portfolio weights must add up to one the wealth process
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turns out to be

dΠ

Π
=

Rdt+
J∑
j=1

[
I∑
i=1

ωiai,j +
U∑
u=1

ψu
1

Ou

(
I∑
i=1

∂Ou

∂Si
ai,jSi +

L∑
l=1

∂Ou

∂Xl

bl,j

)]
×
(√

VjdW
P
j + ηjVjdt

)
+

J+L∑
j=J+1

U∑
u=1

ψu

L∑
l=1

1

Ou

∂Ou

∂Xl

bl,j

(√
VjdW

P
j + ηjVjdt

)
+

K∑
k=1

[
I∑
i=1

ωiµi,k +
U∑
u=1

ψu
1

Ou

∆kOu

]
dZk,

(30)

Inserting the definitions for θ(·) yields lemma 1.
�

6.2 Proof of Proposition 1

The portfolio choice problem is solved by applying the principle of stochastic control.
The stochastic wealth process is given by lemma 1. The Hamilton/Jacobi/Bellman
(HJB) equation follows as

max
θ(·)

{fHJB} = 0

fHJB =
∂J
∂t

+ Π
∂J
∂Π

[
R +

J+L∑
j=1

Vjθ
(W )
j ηj − νQ

K∑
k=1

θ
(N)
k hQk

]
+

1

2

∂2J
∂Π2

Π2

J+L∑
j=1

Vj

(
θ

(W )
j

)2

+
L∑
l=1

[
∂J
∂Xl

mP
l +

1

2

L∑
u=1

J+L∑
j=1

∂2J
∂Xl∂Xu

bl,jbu,jVj + Π
∂2J
∂Π∂Xl

J+L∑
j=1

bl,jVjθ
(W )
j

]

+ νP
K∑
k=1

∆kJ hPk ,

(31)
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where ∆kJ = J ((1 + θ
(N)
k )Π, X1(1 + µJ+1,k), ..., X1(1 + µJ+L,k))− J (Π).

We conjecture the functional form of the indirect utility function as given in
(6). Using this, the derivatives of J as well as ∆kJ can be computed and the
optimization problem (31) reduces to

max
θ(·)

{fHJB} = 0

fHJB

γJ
=
∂H

∂t
+

L∑
l=1

∂Hl

∂t
Xl

+
1− γ

γ

[
R +

J+L∑
j=1

Vjθ
(W )
j ηj − νQ

K∑
k=1

θ
(N)
k hQk

]

− 1

2
(1− γ)

J+L∑
j=1

Vj

(
θ

(W )
j

)2

+
L∑
l=1

[
Hlm

P
l +

1

2
γ

L∑
u=1

J+L∑
j=1

bl,jbu,jHlHuVj + (1− γ)Hl

J+L∑
j=1

bl,jVjθ
(W )
j

]

+
ν

γ

P K∑
k=1

[(
1 + θ

(N)
k

)1−γ
eγ
PL

u=1HuµI+u,k − 1

]
hPk .

(32)

In order to maximize fHJB the first order conditions must be applied. The optimal
portfolio weights stated in equation (8) in proposition 1 follow. Inserting the optimal
exposures (8) into (32) and using the definitions of Vj, R, and ν(·) in (1) finally leads
to the system of ordinary differential equations (7) which completes the proof.

�

6.3 Proof of Proposition 2

The problem can be solved by applying the principle of stochastic control. The HJB
equation is a special case of (31) with L = 0, Vj = 1, and the indirect utility function
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being independent of any state variables other then wealth Π

max
θ(·)

{fHJB} = 0

fHJB =
∂J
∂t

+ Π
∂J
∂Π

[
R +

J∑
j=1

θ
(W )
j ηj − λ

Q
K∑
k=1

θ
(N)
k hQk

]

+
1

2

∂2J
∂Π2

Π2

J∑
j=1

(
θ

(W )
j

)2

+ λ
P

K∑
k=1

∆kJ hPk .

(33)

Conjecturing the indirect utility function according to (11) and applying the first
order conditions leads to the optimal factor exposures given by (13) and (14). In-
serting the optimal exposures into (33) leads to (12).

�

6.4 Option Pricing Section 4

Consider the stock price process (18). Let Yi = lnSi. Then under the risk neutral
measure we have

dYi =

{
r − 1

2

[
a2
i,1 + a2

i,2

]
− λ̃Qi µi

}
dt+ ai,1dW

Q
1 + ai,2dW

Q
2

+ µidÑi,

(34)

where Ñ1 and Ñ2 are counting processes with intensities λ̃Q1 = λ
Q
h1 and λ̃Q2 = λ

Q

respectively. The price of a call option on stock i with strike H and expiry in τ can
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be calculated by applying the results of Merton (1976)

Calli(H, τ) =
∞∑
n=0

e−
eλQ(1+µi)τ

(
λ̃Q(1 + µi)τ

)n
n!

cn(H, τ)

cn(H, τ) = SiΦ[d1(n)]−He−rnτΦ[d2(n)]

σD =
√
a2
i,1 + a2

i,2

rn = r − λ̃Qi µi +
n ln(1 + µi)

τ

d1(n) =
ln Si

H
+
(

1
2
σ2
D + rn

)
τ

σD
√
τ

d2(n) = d1(n)− σD
√
τ ,

(35)

where Φ[·] is the operator for the cumulative standard normal probability distribu-
tion.
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Figure 1: Probability Common Jump
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.8, hP2 = hQ2 = 0.8, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.
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Figure 2: Risk Aversion
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.8, hP2 = hQ2 = 0.8, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.
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Figure 3: Correlation Base Case
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.8, hP2 = hQ2 = 0.8, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.
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Figure 4: Correlation, hP1 = hQ1 = 0.5
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.5, hP2 = hQ2 = 0.5, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.
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Figure 5: Jump Amplitude µ2
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.8, hP2 = hQ2 = 0.8, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.
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Figure 6: Diffusin Volatility Stock 2
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Derivative 1 and Derivative 2 show the portfolio improvements from including derivatives according
to (17). The base case is defined as r = 5%, τ = 1 year, γ = 4, η1 = η2 = 0.3, λP = 0.1, λQ = 0.5,
hP1 = hQ1 = 0.8, hP2 = hQ2 = 0.8, and µ1 = µ2 = −0.2. The diffusion volatilities and correlation are
0.3 and 0.7 respectively.

32


	1 Introduction
	2 Full Access to the Derivatives Market
	3 Partial Access to the Derivatives Market
	4 Numerical Application
	5 Conclusion
	6 Appendix
	6.1 Proof of Lemma 1
	6.2 Proof of Proposition 1
	6.3 Proof of Proposition 2
	6.4 Option Pricing Section 4




